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Abstract 

The classical (dynamical) ii-matrices for the 2- and 3-body Calogero-Moser mod- 
els with elliptic potentials are given. The 3-body case has an interesting nontriv- 
ial structure that goes beyond the known ansatz for momentum independent R- 
matrices. The i2-matrices presented include the dynamical i?-matrices of Avan and 
Talon as degenerate cases of the elliptic potential. 



The elliptic Calogero-Moser model |]I|, Q is a completely integrable system of n-particles 
on the line interacting via pairwise (so called type IV) potentials v(qij) = ap(aqij) with 
<lij = 1i — 1j @- The function p is the Weierstrass elliptic function, an even doubly- 
periodic function with periods 2ui and 2cg> 2 ; the various degenerations of this function 
also give completely integrable systems. In the limit in which one of the periods goes to 
infinity the potential reduces to either the (type II) potential v (q) = a 2 /sinh(ag) 2 or the 
(type III) potential v(q) = a 2 /sm(aq) 2 . When both periods go to infinity we obtain the 
(type I) potential v (q) = q~ 2 . Although the Calogero-Moser model can be generalised 
to arbitrary semisimple Lie algebras our attention in this letter will be on the original 
Calogero-Moser model which corresponds to the algebra gl n . 

The model has a Lax pair formulation iL = [L, M\. The L operator may be expressed 

as 

H i=l ae$ 

Here = {Hi, E a } is a Cartan-Weyl basis for the algebra gl n with {Hi} a basis for the 
Cartan subalgebra and {E a } the corresponding set of step operators. For the Lie algebra 
gl n the root system, which labels the step operators, may be written as $ = {e^ — ej, 1 < 
i 7^ j < n }i with Ci being an orthonomal basis of W 1 . We may view the positions 
(qi, (?2, • • • , q n ) as components of a vector q in this vector space and so for a = — ej 
we have qij = a ■ q. It will be convenient to use the shorthand f a for the function that 
takes the value f(a ■ q) when evaluated at q. The fuction w a in ([]]) is determined by the 
requirement that the Lax equation reproduces the Hamiltonian equations of motion. This 
means the function w a should satisfy the following addition formula, 

Waw'p - Wf3w' a = (z a - zp)w a+/3 , where z a {u) = ^ . (2) 

The solutions to this functional equation are given by 

a{u)a{a ■ q) 

Here cr(x) and ((x) = <j'(x)/<j(x) are Weierstrass's sigma and zeta function. The function 
w a given in (H) depends not only on the coordinate differences q^ = a ■ q but also on a 
spectral parameter u [|]. If the spectral parameter u is equal to one of u>i, uji or — lo\ — uj<i 
then w a becomes 1/sna, cna/sna or dna/sna, where sna,cna and dna are the Jacobi 
elliptic functions. In such cases w a is an odd function, i.e., W- a = —w a , and the Lax 
operator L is hermitian. 

The Lax pair formulation immediately shows the functionally independent quantities 
I m ee TrL m (m < n) to be conserved. Their Poisson commutativity, {I m , Ik} = 0, and 
hence the complete integrability of the model, follows from the existence of a 000- valued 
i?-matix §, §, 0, R = BTX^ <g> X v , satisfying, 

{L® L) = [R,L® 1] - [R n ,l®L]. (4) 

Here R w = PRP~ l with P being the permutation map: P(a (g) 6)P _1 = b ® a. Proving 
the Poisson commutativity {I m , Ik} = 0, or equivalently finding such an i?-matrix, is one 
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of the central tasks in proving the integrability of a model. Recently i?-matrices for the 
Calogero-Moser models with types I, II, III, and V potentials subject to = — w a were 
constructed by Avan and Talon ||, while spectral parameter dependent R- matrices for the 
type IV potential were independently given by Sklyanin |J and the authors (K| . Moreover, 



we also proved (T^, Theorem 4.6] that when n > 4 no momentum independent i?-matrices 
exist for nondegenerate type IV potentials satisfying w_ a = —w a . However, as mentioned 
in [10|, the Lie algebra consistency equations that forbid momentum independent R- 
matrices for n > 4 are trivially satisfied for n = 2, 3. In this letter we will present explicit 
/^-matrices for the n = 2, 3 systems with potential satisfying W- a = —w a . The structure 
found in the n = 3 case is rather interesting and provides an example of an i?-matrix that 
goes beyond the known ansatz. 

Let us start the calculation of the i?-matrix. To begin with, we decompose eq.@ 
into components with respect to the basis X M <g> X u . Upon substituting L into (f|) and 
comparing both sides, we obtain three equations, 

o = j2( Raja i- Raia j) w -^ ( 5 ) 

a 

-onw' a = ta- P R m + a- R l w a + ^(^f3R- pa + w a . f3 R^c^ a _ /3 ), (6) 

P 

= a-R l3 w a -{3-R a wp + i(a-pR al3 -P-pR 13 *) (7) 

The structure constant are defined by [Xn,X v ] = c*„X\ and we have introduced the 
shorthand notation a ■ R@ = R % ^ — R?® for a = e« — ej. The assumption that the i?-matrix 
is momentum independent and that w^ a = —w a greatly simplify these equations. We 
find 



£T = 0, R al3 = if a^±p, 

R aa + R- a ~ a = 0, R a ~ a + R- aa = 0, R aa + R~ aa = (9) 



w' 



W r 



and 

a ■ R p w a - (3 ■ R a w p = c^(R aa + RW) Wl + c p _ ai ,{R~ aa + iT^Vy. (10) 

Also R % i = P % \ where P 1 ^ is a matrix such that a ■ P J ' = Va G $ 0, Lemma 4.1]. 
Note that at most one term on the righthand side of (|1(]) is nonzero. If, for example, 
7 = /5 — a G $ we have only the first term nonvanishing and so a ■ R^w a — [3 ■ R a wp = 
c@ (R aa + RPP)w 7 . However (as — /3, —7 G $) we also know that —(3 = —a — 7 G $ and so 
we obtain from the second term (after utilizing c~J a _p = — <£g) that a-R~ l3 w a — j3-R a wp = 
c{ UR' aa + R p ~ /3 )w 1 . These exemplify some of the consistency requirements mentioned 
earlier that forbid (nodegenerate) solutions for n > 4. We shall now solve them explicitly 
for n = 2, 3. 

The case n = 2 : In this case the roots are ±a (a = e% — e-i) and the structure constants 
on the right hand side of (0) vanish giving the one equation 

a ■ {R a - R- a ) = 0. (11) 
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The vanishing of the structure constants means equations ([]) and (|TTJ) decouple and we 
may solve (||) in terms of an arbitrary function / by 



R° 



-R- 



f 



and 



R° 



—R~ 



f + 



w r . 



w n 



(12) 



Similarly we may solve ( pTT]) in terms of arbitrary functions g±,g2 and h by 



Finally 
like 



R" 



' ei 62 ) satisfies a ■ P J 



and BT a = g t + h. (13) 
0. In matrix form this means the .R-matrix looks 



V 



9i 

-f — 

J w a 









ei 
92 + h 

■h/2 ~- 







92 
(2 



(14) 



gi + h 

-/ 

By choosing e\ = ei = f = and g\ = g<i 
form of Avan and Talon's || eq.(17)]. 

The case n = 3 : Corresponding to any root a G $ there are now precisely two roots 
7i j2 such that a + 7i ;2 G Indeed 7i + 72 = —a- This peculiarity of n = 3 allows us to 
make the following ansatz for R aa : 



w a we obtain an i?-matrix in the 



R° 



w a w 71 



+ 



w a w 71 



0+71 




-'2 _|_ W a W^ 2 



w 



(15) 



a+72 



The righthand equality between the two expressions involving the different roots 7x2 



follows from the addition formula (|2|) together with the identity 



\p(u) + w 2 a for 



u G {ui, LU2, — ^2}- Thus R aa is well defined[] and depends only on the choice of a. 
Further R aa + R~ a ~ a = and the remaining equations of (|^) are solved upon setting 



R~ 




+ 



w. 



w 



72 _|_ W a W^ 2 
72 ^«+72 , 



(16) 



Our ansatz has the following two important features: if/3 = a + 7G$ (for some 7), 
then R aa + RW = while iT aa + R p ~ p = w a w p /w 7 . Note this means the first term on 
the righthand side of (ffD) will always vanish. This feature appears to hold for all of the 
i?-matrix ansatz for Calogero-Moser related models we know of; it is usually achieved by 
setting R aa = 0. Utilising these features means ( [KD simplifies to 



R-P 



a 



+ (3 



R a 

w n 



-'07" 



(17) 



This equation also arises (perhaps implicitly) in all of the i?-matrix ansatz we know of. 
For gl n a solution to the equation 



a 



■A~ f3 + p-A a = c 



In the notation of |T^] this choice corresponds to A 



«7 
•§P(«) 
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is given by A ia = |e$ • a\/2 and so R ia = — |e» • a|w7o,/2 yields a possible solution to (|T7|). 
Actually (pT8|) has a more general solution. Because the vector (1, 1, 1) is orthogonal to 
every root then we may add a multiple of this to every solution of dl8|) . Thus R ia = 
— \ei ■ a\w a /2 + f a is also a solution for arbitrary functions f a (one for each root). Further 
A ta = oiif 1 will satisfy the homogeneous part of ([Tj|) for arbitrary functions f % and so we 
obtain the solution 

BT = -\ei-a\w a /2 + f a + aifw a (19) 

in terms of the nine arbitrary functions f a ,f l . A similar solution holds for arbitrary 
n. Observe that ( pf) contains 9 constraints on the 18 components R ta , six of them 
corresponding to three different roots which sum to zero and three coming from a = /3 
for a a positive root. This accounts for the nine arbitrary functions in our solution. 
Finally P 4J = ( \\ % % ) satisfies a ■ P J = 0. This means i?-matrix takes the form given 

e l e 2 e 3 

in Table 1, where for a = e; — ej we have set w a = w^, f a = and R aa = IZij. We 
note that as the elliptic potential degenerates, \im.k^ R aa = 0. Therefore the i?-matrix 
obtained by setting q = f l = f a = yields the solution of Avan and Talon for the type 
I, II and II potentials. 



To conclude. In this letter, we have presented general momentum independent R- 
matrices for the n = 2 and n = 3 Calgero-Moser systems with elliptic (type IV) potentials 
of Jacobi type, i.e., w(q) = —w(—q). These i?-matrices reduce to the known solutions 
given by Avan and Talon for the potentials of the type I, II and III and are the first R- 
matrices known for these two particular models. The i?-matrices found here have R aa ^ 
for the general elliptic potential. This feature is new: the i?-matrices normally associated 
with the Calogero-Moser models have R aa = 0. The nontrivial ansatz (|i~5|) makes full use 
of the n = 3 root space geometry and it is the particularly simple structure of the n = 2, 3 
root spaces that allows a momentum independent solution. 



T. S. acknowledges financial support from both the Daiwa Anglo- Japanese Foundation 
and Fuju-kai Foundation. 

References 

[1] F. Calogero. Exactly solvable one-dimensional many-body problems. Lett. Nuovo 
Cim. 13 (1975) 411-416 

[2] J. Moser. Three integrable Hamiltonian systems connected with isospectral deforma- 
tions. Adv. Math. 16 (1975) 1-23 

[3] M. A. Olshanetsky, A. M. Perelomov. Classical integrable finite dimensional systems 
related to Lie algebras. Phys. Rep. 71 (1981) 313-400 



4 



[4] I. M. Krichever. Elliptic solutions of the Kadomtsev-Petviashvili equation and inte- 
grate systems of particles. Func. Anal. Appl. 14 (1980) 282-290 

[5] M. A. Semenov-Tian-Shansky. What is a classical r-matrix. Funct. Anal. Appl. 17 
(1983) 259. 

[6] L. D. Faddeev, L. A. Takhtajan. Hamiltonian methods in the theory of solitons. 
Berlin, Heidelberg, New York: Springer 1987. 

[7] O. Babelon, C.-M. Viallet. Hamiltonian structures and Lax equations. Phys. Lett. 
237 (1990) 411-416 

[8] J. Avan, M. Talon. Classical i?-matrix structure for the Calogero model. Phys. Lett. 
B303 (1993) 33-37 

[9] E. K. Sklyanin. Dynamical r-matrices for the elliptic Calogero- Moser Model. LPTHE- 
93-42; hep-th/9308060| 

[10] H. W. Braden and T. Suzuki. .R-matrices for Elliptic Calogero-Moser Models. 
Edinburgh-/92-93/03; frep-th/9309033| To appear, Letters in Mathematical Physics. 



5 



This figure "figl-l.png" is available in "png" format from: 



http://arXiv.org/ps/hep-th/93 1203 lvl 



